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Annomayusa: B COBpeMEHHOW MPOMBIIUICHHOCTH JJISl M3TOTOBICHHS PAa3IMYHBIX SIEMEHTOB KOHCTPYKIHH IIHPOKO
TIPUMEHSIOTCS KOMITO3UTHBIE MaTepHabl, COAepKAIie BRIPE3bl H HHOPOAHBIE BKIIFOUeHHU. UTOOR 00eCednTh MPOYHOCTh
Y HaJeKHOCTh pabOThl KOHCTPYKIIMU, HEOOXOMMO JIETAIBHO M3yYHUTh paclpe/ielieHne HanpsHKEHH, BOSHUKAIOMUX B HEW
B pe3yibTaTe CHJIOBBIX Bo3JeiicTBUN. OTHOCHUTEIHHO KPYTOBBIX OTBEPCTHIl M BKIIIOUEHHH, Ha NMPAKTUKE HE CYLIECTBYET
WJICTbHBIX OKPY)KHOCTEH, U JaHHBIA (aKT ciedyeT YUuThIBaTh IpH pacuere. B ciydae, xorna ¢popMa rpaHuiibpl Mo OT-
JMYaeTcsl OT KPYTrOBOM, JUIsS peleHus 3a7add MOXKHO NPHUMEHHTH MPUOIMKEHHBIH aHAINTHYECKUH METOJ, MMEHYeMbIH
METOJIOM BO3MYILEHUH.

PaccmarpuBaercst iockasi 3amada o0 omnpeneseHnH HanpshKEHHO-Ie(OPMHPOBAHHOTO COCTOSIHHSI YIIPYroro Tena
¢ BKITIOUCHHEM HAaHOMETPOBOTO pazMepa MpH JSHCTBUU HArpy3Kd Ha OECKOHEYHOCTH C YUETOM MEK(a3HOTO HAMPSKEHIS.
B omnmuume oT MOCTPOSHHBIX paHee METOIOB PEIICHHs MOJOOHBIX 3a/1ad, B KOTOPHIX HCIIONB30BATIOCH KOHPOPMHOE OTO-
OpakeHUe, B TAaHHOM CIy4ae CUUTACTCS, YTO T'PaHUIIA BKIFOUCHIS MaJ0 OTIIMIAETCS OT OKPYKHOCTH U OTIPEEIISIETCS TPO-
n3BonpHON (yHKumei. I[Ipennonaraercs, 9To TeIO HAXOAWTCS B OJHOPOTHOM Ioje HampspDkeHui. Ha rpanume xoHTakTa
JIBYX Cpel BBIIIOJHEHBI YCIOBUS HIEANBHOTO CIEIUIeHus. [ permeHns 3aaqd UCIONB3yeTCsl MOBEPXHOCTHAS TEOPHS
ynpyroct 'epriura — Mepaoka. MeTomoM BO3MYIIEHHH pelieHne 3aa9y CBOAUTCSA K OJHOTHITHOMY CHHTYISIDHOMY WH-
Terpo-auddepeHInaIbHOMY YPAaBHEHHIO B KaXXIOM MPUOIIKSHUH, OTHOCHTEIFHO HEM3BECTHOTO MEK(Da3HOTO Harmpsike-
HUs. PelieHne WHTErpaabHOTO ypaBHEHUsI NPECTABISETCS B BHJIE CTENEHHOTO PsiZia OTHOCUTENbHO Kod(dHUIIMEeHTOB pa3-
JIOKEHHs1 MeX(]a3HOrO HANpPSDKEHUS 10 CTETIeHSM Majloro mapaMerpa. B mepBoM HpHONMKEHHUH MOIY4EHO pellieHHe JUIs
MOYTH KPYTOBOTO BKIIIOUEHUs, TPAaHHULIA KOTOPOrO OTKJIOHSETCA OT OKPYXKHOCTH B pajlaIbHOM HAMpaBIEHUH MO KOCHUHY-
couylanbHOMY 3aKoHy. IIpu moMonu mporpaMMHOTO MakeTa MOCTPOEHBI rpadUuecKie 3aBUCHMOCTH MaKCUMaJIbHOTO OK-
PY’KHOTO HarpspDKEHUsI OT paanyca 0a30BOr0 KpyroBOTO BKJIIOUEHHS P OJHOOCHOM PaCTSDKEHUH JJIsl BKIIIOUYEHHS M MaT-
punsl. IIpogeMoHCcTprpoBaH pasMepHBId 3((EKT, T. €. BIMSHUE pa3Mepa HAHOBKIIOYCHUS Ha HANpPSHKEHHOE COCTOSHHE

BOJIM3U BKJIFOUCHHS.

BBEJIEHUE

XapakTepHbIMU KOHLIEHTPAaTOpaMy HAINpPsDKEHUH B Ma-
Tepuasiax M JIEeMEHTaxX MPUOOPOB U KOHCTPYKIHH SIBIISIFOT-
CSl pa3IMYHOTO POAA OTBEPCTHUS WIIHM BKIIIOUEHHS (TPYIIIBI
OTBEpCTUH WM BKIIOUYEeHHH). Tak, Ha rpaHHIle KPYTrOBOTO
OTBEpPCTHSI NPU OIHOOCHOM pacTskeHuH (3anaua Kupina)
BO3HHUKAIOT HAMpSKEHUs, B TPU Pa3a MPEBHIMIAOLINE MPH-
JIOXKEHHYI0 Harpy3Ky. OJHaKo Ha MPaKTHKE OTBEPCTHE CUH-
TaeTcsl KPYyroBBIM C HEKOTOPOM MOTPEIIHOCTBIO, YTO 3a-
TPYAHSIET MOUCK TouHOro penieHus. [logobHoe n3mMeHneHne
(hOpMBI TIOBEPXHOCTH MOKET NPOMCXOANTH, HAIIPUMED, TT0]]
BO3/ICHCTBHEM arpeccuBHBIX cpen [1-3], a Taxke BBUAY
paccoriiacoBaHMsl KPHCTAUTMYECKUX PEIIETOK B MaTepHa-
nax [4; 5].

AHanuTHYeCKUH METO/ BO3MYIICHHS TPAHHUIIBI CIIYKUT
AJIBTCPHATUBOW KOH(MOPMHOMY OTOOpPAKCHHIO IJISI MOYTH
KpPYIOBBIX OTBEpPCTHM. [ 3aau ¢ BKIIOUEHUEM DPEILLICHUE
HE MOXKET OBITh HOJyYEHO C IMOMOIIbI0 KOHPOPMHOTO OTO-
OpakeHUsi, MOCKOJNBKY KOH(GOPMHOE OTOOpakKCHHE MOXKHO
HAWTH TUOO TONBKO IJIST MAaTPHUIIB, JTHOO TOJNBKO ISl BKITIO-
4yeHus. B cBsA3M ¢ 3THM 1enecoobpa3Ho MpUMEHEHHE METO-
Jla BO3MYUICHUH, KOTOPBIH BKIJIIOYAeT B ceOs MareMarnye-
CKHE€ METOIBI, WCIIONB3yEeMbIe TSI HAXOXACHUS MpPUOIH-
JKEHHOTO PEUICHUSI.

BypHoe pa3BuTHE HAaHOTEXHOJIOTMH NPUBEIO K CO3.Ja-
HHUIO IPUOOPOB, 3JIEMEHTHI KOTOPBIX UMEIOT HAHOMETPOBBIN
pasMep (OT OHOTO 10 HECKOIBKUX JECATKOB HAHOMETPOB).
OO6HapyXeHO, YTO 10 Mepe YMEHBIICHHS pa3MepoB aedop-
MHUpPYEMBIX TeJI 10 HAaHOMETPOBOIO JMala3oHa HaYMHAIOT

MPOSIBIIATECS MacIITaOHbIE A(PPEKTH X MEXaHUIECKOTO
MOBEJICHHA. B mepByro oduepens 3To CBSI3aHO C TEM, ITO (H-
3UKO-MEXaHUYECKHUE CBOMCTBa IMPUIIOBEPXHOCTHBIX CJIOCB
CYIIECTBEHHO OTJIMYAIOTCS OT aHAJIOTMYHBIX CBOMCTB B IIIy-
6une Tena [6]. Ha MakpoypoBHE 3TO pa3jiuyue MpaKkTUYe-
CKHM HE OTpakaeTcsl Ha CBOWCTBAX M TOBEJECHUH BCETO Tela
B nesnoM. OfHaKo B CIydae HaHOPa3MEPHBIX CTPYKTYp 3TO
pasinuue MposIBISETCS, B YaCTHOCTH, B 3AMETHOM BIIUSTHUU
MMOBEPXHOCTHBIX HANpsDKCHUH Ha (DU3WYECKHE CBOMCTBA
Marepuaa.

CocTosiHME MOBEPXHOCTH BO MHOTHMX MHKPO3JIEKTPOH-
HBIX W ONTHYECKHUX YCTPOHCTBaX MMEET MEPBOCTEIICHHOE
3HaueHHe, OCOOCHHO Ha HAHOCTPYKTYpHOM ypoBHe. He
MeHbIIIee 3HAueHHE MMEET COCTOSHHE MEX3EpeHHOH Tpa-
HUIIBl B KpUCTaJUIMYECKUX Marepuanax. Ha makpoypoBHe
BIINAHUEC cna60r0 HUCKPHUBJICHUSA TPaHUIILI aed)eKTa Ha Ha-
NpsKEHHO-e)OPMUPOBAHHOE COCTOSTHHE Teja ObUIo pac-
CMOTpEHO B pabore [7].

Jlnst 0OBsICHEHUsI TOBEPXHOCTHBIX siBiIeHUN M.J. Tep-
e U A.Vl. Mepnok [8] pa3paboTaiu mOBEpXHOCTHYIO TEO-
pHIO YIPYTOCTH, B OCHOBE KOTOPOH JIEXKHT IOHSTHE IIO-
BEPXHOCTHOH O3HEPTMH M MOBEPXHOCTHOTO HAIpPsDKEHUS,
BBegenHoe J[x. ['mb6com [9]. B pamkax 3To#l Teopuu mo-
BEPXHOCTh TBEPIOTO Tella MOJEIUpPYeTCs KaK MeMOpaHa,
KOTepEHTHO COEAMHEHHAs C OCHOBHBIM MAaTepHaloOM M 00-
Jajaonas yopyruMAd CBOWCTBAMHM, OTIMYHBIMH OT HETO.
VYnomsiHyTas Teopus OblIa MOATBEP)KICHA C MMOMOIIBIO Me-
Toa MOJEKyIsipHOH muHamukd [10], 9yTo mo3BommMIO pas-
BUTh TIOAXOJ, OMHUCHIBAIOINKEN Je()OpMHUpPYyEMOE TEJIO Kak
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MHOTOYPOBHEBYIO CHUCTEMY, IJIe IIOBEPXHOCTHbIE CJIOM pac-
CMaTPHBAIOTCS KaK OTIEJbHBIC MOICHCTEMBI, 00JIaJatoie
(hU3UKO-MEXaHUUECKUMH CBOMCTBAMHM, OTJIMYHBIMU OT OC-
HOBHOTO Marepuaia o0beMHOW 4actH. Kpome Toro, cBoii-
CTBa TOBEPXHOCTH SIBJSIFOTCSI NPUYMHOW pPa3MEpHBIX 3¢-
(ekroB (size effect), T. ¢. 3aBUCUMOCTH YHHKATBHBIX MeXa-
HUYECKHX CBOWCTB Marepuajia OT IapaMeTpa pa3MepHOCTH
JuiHbl [11].

B pabote [12] mis 3amaun o0 ympyrom OeCKOHEUHOM
TelNe TPH IUIOCKOH AedopMalii NpUMEHEH METOX BO3MY-
IICHAS TPAHMLIBI, TTO3BOJSIOMMN OLCHUTh BIHMSHHUE OTKJIO-
HEHUS TPaHUILBI OT OKPY>KHOCTH Ha HaIpsDKEHHO-IeGpopMu-
POBaHHOE COCTOSIHWME BOJIHM3H BKJIFOYEHHS M, B 4AaCTHOCTH,
Ha KOHIIGHTpaLMIO HampsbkeHuil. B obmem ciyyae pas-
paboTaH ajrOpUTM HAXOXKAEHUS JTI0O0TO MPUOIMKEHUS
W TpUBEICHBI (POPMYIIBI, 10 KOTOPBIM 3TO MPUOIMKEHUE
MOXKET OBITh HalIeHO.

Llens paGoOTHI — HMCCiIEIOBaHUE HANPSHKEHHOTO COCTOS-
HUSI YOPYTOro Tejla C TMOYTH KPYTOBBHIM HaHOBKJIIOUEHHEM,
Ha TPaHHIE KOTOPOro NeHCTBYeT Mex(pa3HOe HAPsHKSHHE.

MOCTAHOBKA 3AJTAYN

PaccmoTpuM ynpyryio IIOCKOCTh KOMILUIEKCHOTO Hepe-
MEHHOTO z=X;+iX, C BKIIOYCHHEM HaHOMETPOBOTO pa3Mepa,
(dopMa KOTOpOrO MaJI0 OTIIMYAeTCS OT Kpyra pamuyca d.
ITycTs MaTpuIle COOTBETCTBYET 00JacTh (2, BKIFOYEHHIO — ).
VYropyrue cBoiicTBa Kaxaoil oomactu Qy, k=1, 2, onpexes-
1otTcst koaddurmentom [lyaccoHa v, U MomysieM caBura L.
Oo6ast rpanuna I peacTasisercs B BUIE:

z=C=exp(i)p = a(l + ¢ (0))exp(i) ,

rie fl0) — wuempepbiBHO auddepeHunpyemas QGyHKIus,
YAOBIIETBOPSIIOIIAs ycIoBuio [f[<1;

€ — MaJbId MapameTp, XapakTepH3yIOIMi MaKCHMallbHOE
OTKJIOHEHHE I'PaHMIIbI BKIIOUECHHSI OT OKPYXXHOCTH pajinyca d,
1, e<<l1.

[Mpenmnonaraem, yto Ha Mexda3HON I'paHHIlE KOHTaKTa
JByX cpen I OTCYTCTBYIOT pa3pbIBBI NEpeMEIICHHH, a CKa-
wok Hanpsokennit ¢° (k=1, 2) GymeM ompenemsath uepes
Mex(a3Hoe HapsHKEHUE T, UCTIONB3YS 0000IECHHBIN 3aK0H
Jlarutaca — FOwnra [13; 14]. YcmoBust KOHTaKTa UMEIOT BUT:

80, (O =0 ~0y =i T2 Q). ()
Au(@) =u"—u" =0, 2

CunraeM, uro Ha rpanuie [ 1elHCTBYIOT HOPMaJbHBIE G,
U KacaTeJlbHbIE G, YCUIHUS B JOKaJbHOU JEKApPTOBOU Mpsi-
MOYTOJIBHOM CHCTeMe KOOPIMHAT 1, ¢ (B ypaBHeHHUX (1),
(2) ock n nmepnenaukynspHa I'). Dt ycunus onpenens-
I0TCSI ICHCTBHEM MEK()Aa3HOTO HAMPSIKCHUS T, XapaKTep-
HOTO [UIsi HAaHOMAcIITaOHBIX CTPYKTYp, OTHECEHHOI'O
K paguycy a.
u=u;+iu,;
U}, Uy — KOMIIOHEHTHI BEKTOPa TIEPEMEIIICHH;
h — metpuueckuii k03 uIeHt;
R — panuyc KpUBU3HBIL.

B ¢opmynax (1), (2) BBeneHbl 0003HA4YCHHUS:
o, =lim,_cro,(2), u =lim, ccru(z). 3nax «» Gepercs mpu
zeQy, a «+» —1pu ze),.

Ha puc. 1 xpuBas nocrpoena npu f{0)=cos20, ee mak-
CHUMaJIbHOE OTKJIOHEHHE OT AMHUYHOHN OKpyxHOCTH £=0,1.
JanHas QyHKIMS KCMOJIB3YyeTCs B PabOTe IS MOMYUYCHUS
YUCJICHHBIX PE3YJIBTATOB.

Sz v 0-;2'

Puc. 1. I[loumu kpy2o60e gxnouerue (CHIOWHA TUHUS)
6 becKkoHeyHOll Ynpyeoul niacmuHe
noo deticmsuem ycunuii Ha beckoneunocmu (€=0,1)

Ha GeckoHEeYHOCTH 3aaHbl HALPSDKECHUS G;; M YTOJ IIO-
Bopora ®”. Jlmst ciydast mimockod nedopmanmu orpeje-
JISIFOIME COOTHOIIEHHUSI ITOBEPXHOCTHOW M OOBEMHOHM TeO-
puM ynpyroctd, cornacHo [8; 14], MoxHO 3amucats B Clie-
JYIOIIEM BHE:

T:Yo"'(}‘s"'zus)gfn 553:"/0"'(7%"‘1(0)8;” 3

Sun = (7" + 2“’)gnn +Ae,, o4 = (7L + 2H)£tt +Ae,,. (4)

B pasencrBax (3), (4) BenmmumMHA Yy — OCTAaTOYHOE IIO-
BEPXHOCTHOE HAIPSHKEHHUE, KOTOPOE ACHCTBYET MPU OTCYT-
CTBHH JeOpMAaITHii;
€, — OKPY’KHasI [IOBEPXHOCTHasI Ae(OpMAII¥s;

As ¥ [4; — MOJLYJI TIOBEPXHOCTHOM yIPYTrOCTH, aHATIOTUYHbIE
noctositHHbIM Jlame A 1 [ Uit 00beMHOM U30TPOITHOM yIpy-
TOCTH;

€;; — KOMIIOHEHTHI 00beMHOI1 edopmartyn.

W3 ycnoBusi HeNpephIBHOCTH TIEPEMENICHUI TpH Tiepe-
xome oT Q) u Q, k rpanuue I’ momyuum ycioBue Hempe-
PBIBHOCTH Ae(hOpMAIH &

limef =€}, k=12.
z>¢

METOJIMKA ITPOBEJIEHUSI UCCJIEJJOBAHUM

MeToas! ¥ MOAXObI K PELICHUIO MTOCTaBICHHOMN 3a1a4un
MIPEICTABISIIOT CO00i coveTaHHe KIIAaCCHUECKHUX M COBpe-
MEHHBIX METOJ0B, INPUMEHSIEMBIX B TEOPUHU YINPYIOCTH.
TeopeTnueckue BBIKJIAAKA U UCCIENOBAHHUS OCHOBaHbI Ha
WCIOJB30BAaHUK amiapara TCOPUU AHATUTHYCCKUX (DYHK-
LW, COOTHOIIEHHH OOBEMHOH M IOBEPXHOCTHOW TEOPUU
YOPYTOCTH, KOMILIEKCHBIX MOTeHIHanoB ['ypca — Konocoga,
cootHowmeHnit KomocoBa — MycxenumBuiu [15], merona
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BO3MYIIIEHNH, WHTETpajoB Tuma Komm, YuCIIeHHBIX MeTO-
JIOB pEIeHUs] CHHTYJSIPHBIX MHTErpo-AnuepeHraabHbIX
YPAaBHEHU.

CornacHo [16], aus kaxmoit oomactu € CBsI3b HaIpsHKe-
HUH ¥ IepeMelIeHIH ¢ KOMIUIEKCHBIMH MoTeHInanaMu Oy(z),
Y (z) MOKeT OBITh 3arMcaHa B BUJIC SAHHON (OPMYIIBL:

ch(2) =D (2)+ D (2)+

AL ch(z)+Yk(ij +(z—ijq>;(z) dz
52 z z dz

rae zey;
dz=|dz|e”,
0. — YTOJI MEXTy TUIOIIAKOH M OCBIO X;.
Oyaxumn Oy(z), k=1, 2, ronoMop¢HBI B COOTBETCTBYIOIINX

obmactsax (, Y«z) — B obnactsax ﬁk (z):{z:;1 er}

¢ rpanuuei I';, kotopas cummerpuuHa kpuBod I' oTHOCH-
TEJIFHO EMHUYHOIN OKPYKHOCTH.

B cmity Toro, uto ¢opma rpaHUIIEI 3aBUCHT OT MAJIOTO Ta-
paMmeTrpa €, KOMIUIEKCHBIE MTOTeHIHANB Di(z), Yi(z)
¥ (DYHKIHSA T TaKoKe IOJDKHBI 3aBHCETH OT 9TOTO IapaMeTpa, 1,
CIIEZIOBATENbHO, X MOJKHO MPEACTABUTH B BU/IE CXOIAIIMXCS
CTENEHHBIX PSAAOB IO €, COMIACHO METOJy BO3MYIIEHUH [7;
17-19]. Ucnonp3ys ynmoMsiHyTble METOIBI U MOIXOIBI, pe-
IICHHE 3aJa4ll CBOAMM K CHUCTEME CHHTYJSIPHBIX MHTErpO-
muddepeHIMaNbHBIX YpaBHEHUH OTHOCUTENBHO (DYHKIMH
T, [17; 19-21]:

Wl L I T,(n) +nt, () m|=G.(s)
2mn: -5

n

0
e s=e'";

M=(\t2p,)/21;
K=(A+3p)/(A+p);
G, — u3BeCTHas (YHKIUS, 3aBUCSIIAS OT MPEIBIAYIINX
TIPUOITHKEHHUH.

Crnenyst anropuTMmy pelIeHHS HHTETPaJbHOTO ypaB-
HeHUus, MexX(}a3sHoe HampsKeHHE HMIIEM B BHJIE CTEICH-
HOTO psiJia ¢ HeU3BeCTHBIMHU Koddduunentamu. Koaddu-
UECHTHl MEeK(Pa3HOTO HAIPSIKSHUS B IEPBOM HPUOIHIKE-
HuM OyIyT 3aBUCETH OT PE3yJbTaTOB HYJICBOTO IPHOIH-
JKSHUS.

PE3YJIBTATBI UCCJEJIOBAHUM

Ha puc. 2 mocTpoeHbl 3aBUCHMOCTH MaKCHMaJbHOTO
3HauEHHs OKPY)KHOTO HampspkeHus o, (=1, 2) ot paauy-
ca a TP OJHOOCHOM PACTSIKEHUH Gay” BAOJIb OCH X, MPU
0=0. 3mecr BBemeHO oOO3HaueHWe mIs KoddduuueHTa
KOHIEHTpAIUU HaMpsKeHUI S:maxc,,k/czzw. Uccnenona-
HUS IPOBEAEHBI I amtoMuHus [14], ynpyrue cpolicTBa
MTOBEPXHOCTH KOTOPOTO ONPEAENAIOTCS OO0 3HAauCHHEM
M=-0,152 um (Ha puc. 2 xpussie | u 4), mudbo M=0,1 am
(ma puc. 2 xpussie 2 u 5). Ha puc. 2 kpuBsie 1-3 cooTBet-
CTBYIOT MaKCHMaJIbHOMY 3HAYEHHUIO OKPY)KHOTO HarpsoKe-
HUS B MaTpHIe, a KpuBble 4—6 — MaKkCUMalbHOMY 3HaYe-
HUIO OKPYXXHOTO HAIPSKEHUS BO BKIIOUCHHUHU. UHCIICHHbIC
pe3yNbTaThl MONYYEHBl JJs Pa3IMYHbIX 3HAYeHUI mMapa-
MeTpa m=,/|\,.

AHanu3 3aBUCHUMOCTEH Ha pHUC. 2 MOKa3bIBAET, YTO JJIS
Oosilee MSTKOTO TIOYTH KPYTOBOTO BKJIIOUeHHMs (mpu m<l)
KOHIICHTpAIMsl HalpsHKEHUH BO BKIIIOYEHUH M B MaTpHIlE
Oospllie, yeM B CiTydae KpYrOBOTO BKIIFOUEHUSI, COOTBETCT-
BYIOIIETO HYJICBOMY IpPUOIMKEHHI0. B TO ke BpeMsi KOH-
LEHTPAIMs] HAPSDKEHUH B MaTpuIle OOJbIIe, 9eM BO BKIIFO-
yernu (puc. 2 a). B cimyuae, xorma BkItoueHne 0ojee KecT-
Koe, ueM Mmarpuna (m>1), pe3ynbTaTel MPOTHUBOIIOIOKHBI
(puc. 2 06).

\-
104 S imimim -
. T...T..ﬁ...—..-f‘-".-‘-ﬂ.‘.ﬂfﬁﬂ-\-\—l“—
0.9-
0.7-
1.4-
1.24 0.6
1.0
L 0.5-
U'R-—_“—_'_:'?.— L TR el A, TR T el | e T, S \‘——__-
2 4 6 8 10 12 14 3 4 6 8 10 12 14
a, HM a, HM
1 = o} forAl[lll] 4 - oz for Al[111]
2 —— o} forAl[100] 5 == & for Al[100]
3 —- gk forM=0 6 — - of forM=0

Puc. 2. 3asucumocms MaKCuManbHo20 OKPYIICHO20 HANPAJICEHUS. G, 0m paouyca 6az06020 Kpy206020 BKIOUEHUS d
ons ynryuu f(0)=cos20 npu €=0,1, m=1/3 (a); m=10/3 (6)
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OCHOBHBIE PE3YJIBTATBI U BBIBOJIbI

B pabore mpoaHanmu3upoBaHa MaTeMaTH4YecKas MOJCIb
YOPYroro Marepuaia ¢ HaHOpa3MEpHBIM BKIIIOYEHHUEM.
B uwactHOCTH:

1) ni1st 3a1a4M 00 yNIPYyroM Telie ¢ MOYTH KPyTrOBBIM Ha-
HOpa3MEpHBIM BKIIIOUYEHHUEM NPH IIOCKOH Aedopmanum Ha
OCHOBE METOJ]a BO3MYILEHHH IOCTPOEHO aHAIMTHYECKOE
NpUONIKEHHOE PElIeHHe, MO3BOJISIONIEe OLICHUTD BIIHSIHUE
MOTPEITHOCTH Ha HANPSHKEHHOE COCTOSHHE BOJM3HM BKIIIO-
YeHNS;

2) pa3paboTaH aJITOPUTM COCTABIICHHS ITOCIEIOBATEIb-
HOCTH WHTETPAbHBIX YPABHEHMH sl BBIUMCICHUS HEU3-
BECTHOTO MEX(a3HOTO HANPSDKEHHUS B KKIOM IPUOIIKeE-
HUU;

3) 4ncCNeHHBIe pPe3ydbTaThl MOMy4YeHB! B IIEPBOM IIpHU-
6J'II/I)KCHI/II/I JJI TIOYTH KPYTrOBOT'O HAHOBKITIOUCHUA, T'paHULIA
KOTOPOTO 3aJ1aHa 110 KOCHHYCOHIAJILHOMY 3aKOHY;

4) Ipy TOMOILIM INPOTPaMMHOIO IIaKeTa ITOCTPOCHEI
rpaduKy 3aBHCUMOCTEH MAaKCHMAJIBHOTO 3HAUEHUS! OKPYXK-
HOTO HaNpsDKEHHs OT pajuyca 0a30BOro KpyroBOTrO BKIIIO-
YEeHUS! B MATPUIC W BO BKIIOYEHWH IS PA3IMYHBIX MaTe-
pHaioB;

5) uccnenoBaHo BIUSHHE Mex(a3HbIX d(hhexToB BOIHU-
3 KOHIICHTPAaTOPOB HANpPSKCHUH B BHJIE MOYTH KPYyTOBBIX
BKITIOUEHUH pasznmaHor (opmel. Tak, ¢ yMEHBIICHHEM pa-
quyca a npu M>0 MaxkcuMaibHBIE 3HAYEHUS OKPY)KHOTO
HAIpsDKSHUSI HEOTPaHWYEHHO YOBIBaIOT, a npu M<0 — BO3-
pactaioT. TakuMm 00pa3oM, HMPOAEMOHCTPHPOBAH pa3Mep-
HBIH 3QQEeKT, XapaKTepHbIA A1 HAHOCTPYKTYpPHUPOBAHHBIX
MaTrepHaoB.

3AKJIIOYEHUE

CTOHUT OTMETUTH, YTO MPEICTABICHHBIC PE3YJBTATHI SB-
JSIFOTCSL HOBBIMU M HOCSIT BaXKHBIN, KaK MPHUKIATHOM, Tak
U TeopeTndyeckuil xapakrep. [locTpoeHHbIe aHATUTHYECKUE
peleHus] sl YIPYTHX Tel ¢ HAHOPa3MEPHBIMU BKIIFOYE-
HUSIMH TIPH yYeTe MEX(Pa3HOro HAMPSHKCHUS MO3BOJISIOT
(hopMynupoBaTh M peliaTh MIUPOKUHA KIace 3aaad 00 ompe-
JICJICHUH HAPSHKCHHO-AS(hOPMUPOBAHHOTO COCTOSHHS TEa
MpHU pPa3IUYHBIX BUIAX HArpy3KH. PelicHHs Takux 3aaad
MOTYT OBITh MOJIC3HBIMU TIPU MPOCKTUPOBAHUH U IKCILIya-
TalUy MPUOOPOB MHUKPO- U ONTOICKTPOHHUKH C YAyYIlICH-
HBIMH pa0OYMMU XapaKTepuUCTHKaMu. Pa3paboTaHHBIC Me-
TOJBI PEUICHUS 3a]1ad MOTYT UCIIOJIE30BATHCS B TOM YHCIIC
U JJIs OI[CHKU TIPOYHOCTH U HAJICKHOCTH U3ACITHN POMBIIII-
JeHHOCTH. V3yuuB BIMSIHUE PACCMOTPEHHBIX ApaMEeTPOB Ha
KOHIICHTPAIIMIO HAMpPSHKEHUH, MOXKHO OLICHHTH JIOJTOBEY-
HOCTh NPH KOHCTPYHPOBAHHH PA3HOOOPA3HBIX JEeTaleH,
a TaKXKe COCTaBUTh MPOTHO3 MMOBEACHHS HCITOIb3yeMOro Ma-
Tepralla B UHTEPECYIOIINX YCIOBHAX IKCILTyaTallkH.

Cmambs nodzomosiena no Mmamepuaiam O0oK1IA008
yuacmuuxog VIII Meocoynapoonoii wixonwt «@Qusuueckoe
MamepuanogeoeHuey ¢ dNeMEeHMamMy HAYYHOU WKObl 075
monooedxncu, Toresmmu, 3—12 cenmsaops 2017 e.

CIIMCOK JINTEPATYPbI

1. Sedova O.S., Pronina Y.G. Initial boundary value prob-
lems for mechanochemical corrosion of a thick spheri-
cal member in terms of principal stress // AIP Confer-
ence Proceedings. 2015. Vol. 1648. P. 260002.

2. Sedova O.S., Pronina Yu.G. Calculation of the optimal
initial thickness of a spherical vessel operating in
mechanochemical corrosion conditions // Proceedings

of the 2015 International Conference “Stability and
Control Processes” in Memory of V.I. Zubov. St. Peters-
burg, 2015. P. 436-439.

3. Pronina Y.G. An analytical solution for the mecha-
nochemical growth of an elliptical hole in an elastic
plane under a uniform remote load // European Journal
of Mechanics, A/Solids. 2017. Vol. 61. P. 357-363.

4. Ilysanos I'M., Kocteipko C.A. BnusHue ¢opmbl Bo3-
MYIICHAS Ha MOP(OJIOTHYECKYI0 YCTOHYMBOCTH MO-
BEPXHOCTH MHOTOCIIOIHOTO IFICHOYHOTO TOKPBITHS PH
MTOBEpXHOCTHOH muddy3un // Ilpomecch ympaBieHUS
u ycroitunBocTh. 2016. T. 3. Ne 1. C. 301-305.

5. IllysamoB I'M., Kocteipko C.A. Btopoe npubmmkenne
MeTo/la BO3MYIICHHUI B 3a]1a4e O TBEPIIOM Tele co ciiabo
UCKpUBIIeHHOW Tpanuned // Ilporeccel yrpaBieHus
u yctoitunBoctb. 2017. T. 4. Ne 1. C. 256-260.

6. Tlonctpuray A.C., ITocrenko 10.3. Beenenue B mexa-
HHUKY TOBEPXHOCTHBIX SIBICHHH B Ie(GOopMUpPYEMBIX
TBepabIx Tenax. Kues: HaykoBa qymka, 1985. 200 c.

7. BakaeBa A.b., I'pexoB M.A. HccrenoBanue HanmpspKeH-
HO-ZIe()OPMHUPOBAHHOTO ~ COCTOSIHHSL ~ YIPYTOTro — Tela
¢ TOYTH KpyroBeiMU nedexramu // [lpouecchl ynpasie-
Hus u ycroituuBocts. 2014, T. 1. Ne 1. C. 111-116.

8. Gurtin M.E., Murdoch A.l. Surface stress in solids //
International Journal of Solid Structures. 1978. Vol. 14.
Ne 6. P. 431-440.

9. Gibbs J.W. The Scientific Papers of J. Willard Gibbs.
Vol. 1. London: Longmans-Green, 1906. 476 p.

10. Miller R.E., Shenoy V.B. Size-dependent elastic proper-
ties of nanosized structural elements // Nanotechnology.
2000. Vol. 11. Ne 3. P. 139-147.

11.Tonpamreiin P.B., Toponuos B.A., Yerunos K.b. Bnus-
HHUE OCTaTOYHBIX MOBEPXHOCTHBIX HANPSDKCHHH W TO-
BEPXHOCTHOW YIPYTOCTH Ha AeopMUpOBaHUE MIapO00-
Pa3HBIX BKIIOYEHHI HaHOMETPOBBIX Pa3MEpoOB B yIpy-
roii marpume // ®usmueckas MeszomexaHuka. 2010.
T.13. Ne 5. C. 127-138.

12. Grekov M.A., Vakaeva A.B. The perturbation method in
the problem on a nearly circular inclusion in an elastic
body // Proceedings of the 7th International Conference
on Coupled Problems in Science and Engineering (Cou-
pled Problems 2017). Rhodes, 2017. P. 963-971.

13. Vikulina Yu.l., Grekov M.A. The stress state of planar
surface of a nanometer-sized elastic body under periodic
loading // Vestnik St. Petersburg University: Mathemat-
ics. 2012. Vol. 45. Ne 4. P. 174-180.

14. Grekov M.A., Yazovskaya A.A. The effect of surface
elasticity and residual surface stress in an elastic body
with an elliptic nanohole // Journal of Applied Mathe-
matics and Mechanics. 2014. Vol. 78. Ne 2. P. 172-180.

15. MycxenumBuin H.M. Hekoropble OCHOBHBIE 3amadun
Marematudeckoi teopuu ynpyroctu. M.: Hayka, 1966.
707 c.

16. Grekov M.A. Joint deformation of a circular inclusion
and a matrix // Vestnik St. Petersburg University: Math-
ematics. 2010. Vol. 43. Ne 2. P. 114-121.

17.BakaeBa A.b., I'pexoB M.A. HampsoxeHHO-nehopmu-
POBaHHOE COCTOSIHME YIPYTOro Tela C IIOYTH KPYTOBBIM
OTBEPCTHEM IIPU Y4eTe NOBEPXHOCTHOTO HANPsDKSHUS //
IIpomeccsl ympaBnenus u ycroiuuBocth. 2015. T. 2.
Ne 1. C. 125-130.

18. Kostyrko S.A., Shuvalov G.M. Morphological stability
of during diffusion processes // Proceedings of the 2015

Bekrtop nayku TT'Y. 2017. Ne 4 (42)

23



A.B. BakaeBa «HanpsikeHHO-1e()OPMHPOBAHHOE COCTOSIHHE YNIPYIOI0 TeJa...»

International Conference “Stability and Control Pro-
cesses” in Memory of V.I. Zubov. St. Petersburg, 2015.
P. 392-395.

19. BakaeBa A.b. D¢ dekr moBepXHOCTHBIX HAIPSKEHUI
u (opMBl HAHOMETPOBOTO pelibea MOBEPXHOCTU OT-
Bepctust B ynpyrom teie // Ilpouecchl ynpaBieHUs
n yctorunBocTb. 2016. T. 3. Ne 1. C. 154-158.

20. Grekov M.A., Vakaeva A.B. Effect of nanosized asperi-
ties at the surface of a nanohole // Proceedings of
the 7th European Congress on Computational Methods
in Applied Science and Engineering. 2016. Vol. 4.
P. 7875-7885.

21.Kostyrko S.A., Altenbach H., Grekov M.A. Stress con-
centration in ultra-thin coating with undulated surface
profile // Proceedings of the 7th International Confer-
ence on Coupled Problems in Science and Engineering
(Coupled Problems 2017). Rhodes, 2017. P. 1183—
1192.

REFERENCES

1. Sedova O.S., Pronina Y.G. Initial boundary value prob-
lems for mechanochemical corrosion of a thick spheri-
cal member in terms of principal stress. AIP Conference
Proceedings, 2015, vol. 1648, pp. 260002.

2. Sedova O.S., Pronina Yu.G. Calculation of the optimal
initial thickness of a spherical vessel operating in
mechanochemical corrosion conditions. Proceedings of
the 2015 International Conference “Stability and Con-
trol Processes” in Memory of V.1I. Zubov. St. Petersburg,
2015, pp. 436-439.

3. Pronina Y.G. An analytical solution for the mechano-
chemical growth of an elliptical hole in an elastic plane
under a uniform remote load. European Journal of Me-
chanics, A/Solids, 2017, vol. 61, pp. 357-363.

4. Shuvalov G.M., Kostyrko S.A. Effect of perturbation
from on morphological stability of multilayer film sur-
face during surface diffusion. Protsessy upravieniya
i ustoychivost’, 2016. vol. 3, no. 1, pp. 301-305.

5. Shuvalov G.M., Kostyrko S.A. Second-order perturba-
tion method for elastic solid with slightly curved bound-
ary. Protsessy upravleniya i ustoychivost’, 2017, vol. 4,
no. 1, pp. 256-260.

6. Podstrigach Ya.S., Povstenko Yu.Z. Vvedenie v mekha-
niku poverkhnostnykh yavleniy v deformiruemykh telakh
[An introduction to the mechanics of surface phenome-
na in deformable solids]. Kiev, Naukova dumka Publ.,
1985. 200 p.

7. Vakaeva A.B., Grekov M.A. Investigation of the stress-
strain state of an elastic body with almost circular de-
fects. Protsessy upravieniya i ustoychivost’, 2014,
vol. 1, no. 1, pp. 111-116.

8. Gurtin M.E., Murdoch A.l. Surface stress in solids. In-
ternational Journal of Solid Structures, 1978, vol. 14,
no. 6, pp. 431-440.

9. Gibbs J.W. The Scientific Papers of J. Willard Gibbs.
Vol. 1. London, Longmans-Green, 1906. 476 p.

10. Miller R.E., Shenoy V.B. Size-dependent elastic proper-
ties of nanosized structural elements. Nanotechnology,
2000, vol. 11, no. 3, pp. 139-147.

11. Goldstein R.V., Gorodtsov V.A., Ustinov K.B. Effect of
residual surface stress and surface elasticity on defor-
mation of nanometer spherical inclusions in an elastic
matrix. Physical Mesomechanics, 2010, vol. 13, no. 5-6,
pp. 318-328.

12. Grekov M. A., Vakaeva A.B. The perturbation method in
the problem on a nearly circular inclusion in an elastic
body. Proceedings of the 7th International Conference
on Coupled Problems in Science and Engineering
(Coupled Problems 2017). Rhodes, 2017, pp. 963-971.

13. Vikulina Yu.l.,, Grekov M.A. The stress state of planar
surface of a nanometer-sized elastic body under periodic
loading. Vestnik St. Petersburg University: Mathemat-
ics, 2012, vol. 45, no. 4, pp. 174-180.

14. Grekov M.A., Yazovskaya A.A. The effect of surface
elasticity and residual surface stress in an elastic body
with an elliptic nanohole. Journal of Applied Mathemat-
ics and Mechanics, 2014, vol. 78, no. 2, pp. 172—180.

15. Muskhelishvili N.I.  Nekotorye osnovnye zadachi
matematicheskoy teorii uprugosti [Some basic problems
of the mathematical theory of elasticity]. Moscow,
Nauka Publ., 1966. 707 p.

16. Grekov M.A. Joint deformation of a circular inclusion
and a matrix. Vestnik St. Petersburg University: Mathe-
matics, 2010, vol. 43, no. 2, pp. 114-121.

17. Vakaeva A.B., Grekov M.A. Stress-strain state of an
elastic body with a nearly circular hole incorporating
surface stress. Protsessy upravieniya i ustoychivost’,
2015, vol. 2, no. 1, pp. 125-130.

18. Kostyrko S.A., Shuvalov G.M. Morphological stability
of during diffusion processes. Proceedings of the 2015
International Conference “Stability and Control Pro-
cesses” in Memory of V.I. Zubov. St. Petersburg, 2015,
pp- 392-395.

19. Vakaeva A.B. Effect of surface stresses and the shape of
nanometer surface relief of a hole in an elastic body.
Protsessy upravieniya i ustoychivost’, 2016, vol. 3,
no. 1, pp. 154-158.

20. Grekov M.A., Vakaeva A.B. Effect of nanosized asperi-
ties at the surface of a nanohole. Proceedings of the 7th
European Congress on Computational Methods in Ap-
plied Science and Engineering. Crete, 2016, vol. 4,
pp- 7875-7885.

21.Kostyrko S.A., Altenbach H., Grekov M.A. Stress con-
centration in ultra-thin coating with undulated surface
profile. Proceedings of the 7th International Conference
on Coupled Problems in Science and Engineering
(Coupled Problems 2017). Rhodes, 2017, pp. 1183—
1192.

24

Bekrtop nayku TT'Y. 2017. Ne 4 (42)



A.B. BakaeBa «HanpsixeHnHo-1eGopMHPOBAHHOE COCTOSIHHE YIIPYTOI'0 Tea...»

STRESS-STRAIN STATE OF AN ELASTIC BODY
WITH A NEARLY CIRCULAR INCLUSION INCORPORATING INTERFACIAL STRESS
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Abstract: In modern industry, to produce various structure elements, composite materials containing cutouts and for-
eign inclusions are widely used. To provide the integrity of a construction, it is necessary to study in details the distribution
of stresses occurring in it in the result of force actions. Concerning the circular holes and inclusions, in practice, the ideal
circles do not exist, and this fact should be taken into account when calculating. In the case when the boundary form
slightly differs from the circular, to solve the problem, it is possible to apply the approximate analytical method that is
called the perturbation method.

The plane problem on a nanoinclusion in an infinite elastic body under arbitrary remote loading is considered. It’s as-
sumed that the shape of the inclusion is weakly deviated from the circular one and the complementary interfacial stresses
are acting at the boundary. In contrast with previously constructed methods for solving such problems, the solution is built
without the use of conformal mapping. Contact of the inclusion with the matrix satisfies to the ideal conditions of cohe-
sion. To solve this problem, Gurtin — Murdoch surface elasticity model is used. Based on Goursat — Kolosov complex po-
tentials and the boundary perturbation technique, the solution of the problem is reduced to the singular integro-differential
equation for any-order approximation. The algorithm of solving this integral equation is constructed in the form of a power
series. The solution in the first-order approximation for the periodic shape of the inclusion determined by the cosine func-
tion is obtained. With the help of software package, for the inclusion and the matrix the graphic dependence of maximum
hoop stresses upon the radius of basic circular inclusion under uniaxial tension are built. The size effect in the form of
the dependence of the stress distribution at the interface on the size of the inclusion is demonstrated.
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